Abstract. We prove (the excellent case of) Schreyer's conjecture that a local ring with countable CM type has at most a one-dimensional singular locus. Furthermore we prove that the localization of a Cohen-Macaulay local ring of countable CM type is again of countable CM type.
Conjecture 0.1 ([12] ). An analytic local ring over the complex numbers of countable CM type has at most a one-dimensional singular locus, that is, R p is regular for all primes p with dim R/p > 1.
We verify Conjecture 0.1 more generally for all excellent CM local rings satisfying countable prime avoidance (Lemma 1.2). Some assumption of uncountability is necessary to avoid the degenerate case of a countable ring, which a fortiori has only countably many isomorphism classes of modules.
1. Schreyer's Conjecture Definition 1.1. A Cohen-Macaulay local ring (R, m) is said to have finite (resp., countable)
Cohen-Macaulay type if it has only finitely (resp., countably) many isomorphism classes of maximal Cohen-Macaulay modules.
For the proof of Schreyer's conjecture, we need the following well-known lemma. Lemma 1.2 (countable prime avoidance [5, Lemma 3] ; see also [13] ). Let A be a Noetherian local ring which either is complete or has uncountable residue field. Let {p i }, i = 1, 2, . . . , be a countable family of prime ideals of A, a an ideal of A, x ∈ A. Then x + a ⊆ p j for some j whenever
Theorem 1.3. Let (R, m) be an excellent Cohen-Macaulay local ring of dimension d, and assume either that R is complete or that the residue field R/m is uncountable. If R has countable CM type, then the singular locus of R has dimension at most one.
Proof. Assume that the singular locus of R has dimension greater than one. Since R is excellent, this means that the singular locus is defined by an ideal J of height strictly less than d − 1. Let
be a complete list of representatives for the isomorphism classes of indecomposable MCM R-modules. Consider the set
, for some i, j, and dim(R/p) = 1}.
Note that Λ is at most countable, and that J is contained in each p ∈ Λ. By countable prime avoidance (applied to R/J), the maximal ideal m is not contained in the union of all p in Λ, so there is an element f ∈ m \ p∈Λ p. Choose a prime q containing f and J such that dim R/q = 1; then of course q ∈ Λ.
Let X (resp. Y ) be a (d − 1) th (resp. d th ) syzygy of R/q. Then X and Y are both MCM R-modules and we have a nonsplit short exact sequence
where F is a free R-module. We claim that Ann(Ext
To see the opposite containment, note that since q contains J, R q is not regular. The resolution of the residue field of R/q is thus infinite, and neither X q nor Y q is free, so (*) is nonsplit when localized at q.
We can write both X and Y as direct sums of copies of the indecomposables M i , and further
with all but finitely many of the a ij equal to zero. Then q is the intersection of the annihilators of the nonzero Ext modules appearing in the above decomposition. Since q is prime, it must equal one of these annihilators, and then q ∈ Λ, a contradiction.
Localization of rings with countable CM type
Let (R, m) be an excellent local ring of countable CM type, and assume R either has an uncountable residue field or is complete. By Theorem 1.3, the dimension of the singular locus of R is at most one. Thus there are at most finitely many prime ideals p 1 , . . . , p n such that R p i is not regular and p i = m. All such primes have dimension one, i.e., dim(R/p i ) = 1 for i = 1, . . . , n.
To understand the structure of these rings, one wishes to know what type of singularity R has at these primes. A quick inspection of the list of examples given in [12] shows that R p i has finite CM type! Our next main result shows that countable CM type localizes; hence in general each R p i has countable CM type. Note also that in the case R is complete, while R p i is no longer complete in general, it will have uncountable residue field.
Theorem 2.1. Let (R, m) be a CM local ring with a canonical module. If R has countable CM type, then R p has countable CM type for each prime p of R.
Proof. Let p ∈ Spec(R) and assume that {M α } is an uncountable family of R-modules such that {(M α ) p } are nonisomorphic indecomposable MCM R p modules. For each α there is a CohenMacaulay approximation of M α , that is, a short exact sequence
wherein X α is a MCM R-module and Y α has finite injective dimension [3] .
Since there are uncountably many modules X α , there must be uncountably many X α of some fixed multiplicity. Fixing that multiplicity, and using that there are only countably many isomorphism classes of MCMs, we then find that there are uncountably many short exact sequences
where X is a fixed MCM R-module, Y β has finite injective dimension, and the M β are among our original list of M α .
Since each (M β ) p is a MCM R p -module and (Y β ) p has finite injective dimension over R p , In particular, each extension (χ β ) splits when localized at p. This implies that (M β ) p is a direct summand of (X) p for each β. But over a local ring, a finitely generated R-module Q can have at most finitely many non-isomorphic summands. 1 Since there are uncountably many (M β ) p which must be summands of X p , this contradiction proves the theorem.
The results above, together with known examples, suggest a plausible question:
Let R be a complete local Cohen-Macaulay ring of countable CM type, and assume that R has an isolated singularity. Is R then necessarily of finite CM type?
We end the paper with an observation that having countable CM type descends from faithfully flat overrings. The method follows that of [14] . Countable CM type cannot in general ascend to the completion, since countable rings are of countable CM type, but their completions are not of 1 This can be seen by passing to the completion, where the Krull-Schmidt theorem holds. After completion, any direct summand of Q must be isomorphic to a direct sum of a fixed finite subset of the indecomposable summands of the completion of Q. Hence there are only finitely many such isomorphism classes after completion, and since the completions of two modules are isomorphic if and only if the two modules are isomorphic, we are done (see [7, Proposition (2.5.8) Chap. IV, Section 2]).
countable CM type if the dimension of the singular locus is at least two. However, when the residue field is uncountable, we do not know if countable CM type ascends to the completion. The proof of the analogous assertion for finite CM type uses that the ring is necessarily Gorenstein on the punctured spectrum, which we do not know is true for countable CM type.
Proposition 2.2. Let (R, m) be a CM local ring and (S, n) a faithfully flat R-algebra such that the closed fibre S/mS is CM. If S has countable CM type, then so does R.
Proof. Since the closed fibre is CM, the extension S ⊗ R M of any MCM R-module is an MCM S-module. Let Z 1 , Z 2 , . . . be a complete list of all indecomposable MCM S-modules which are direct summands of S ⊗ R M for some MCM R-module M (ignore any S-modules that do not appear in a direct-sum decomposition of some extended module). For each i = 1, 2, . . . , choose an
i , where all but finitely many of the a i are zero. We assume that a i = 0 for i > n and write the sum as a finite one. Then In other words, S ⊗ R N is in the "plus category" of S ⊗ R (X 1 ⊕ · · · ⊕ X n ) (see [14] ). By [14, Lemma 1.2] , N is in the plus category of X 1 ⊕ · · · ⊕ X n , and by [14, Theorem 1.1], there are only finitely many possible such N . Since the set of all finite subsets of {X 1 , X 2 , . . . } is a countable set, this shows that R has only countably many indecomposable MCM modules up to isomorphism.
